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We show that J. Lett's equivariant higher analytic torsion for compact group actions 
depends only on the equivariant Euler characteristic. 
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1 Introduction 



Let G be a compact connected Lie group with Lie algebra g. Let I{G) denote the ring of Ad(G)- 
invariant polynomials on g. Then I{G)^ := {/ G 1(0) \ /(O) = 0} is a maximal ideal of I{G). 
By i{G) we denote the /(G)i-adic completion of I{G). We define /(G) := /(G)/CL 



Then Lott | 
To be precise, in 



defined equivariant higher ana- 
, Def. 2, he defined an element 



Let M be a closed oriented G-manifold. 
lytic torsion T{M) of M (see Def. U). 

T{M,g^\F) e i{g), where g^^ is a G-equivariant Riemannian metric and F is a equivariant 
flat hermitean vector bundle with trivial momentum map ||5| (14). In our case for F we take 
the trivial flat hermitean bundle F := M x C, where G acts on the first factor. By Cor. 
1, the class T{M) := [T{M,g^\M x C)] G I{g) is independent of g^^ . By definition T{M) is 
a differential topological invariant of the G-manifold M. If M is even-dimensional, then by 
Prop. 9, we have T{M) = 0. 



Let Or(G) denote the orbit category of G (see Liick Def. 8.16), and let U{G) be the 
Euler ring of G (0, Def. 5.10). By §, Prop. 5.13, we can identify 

U{G) = n '^[G/H] , 

[G/H]eOv{G) 

where the product runs over all isomorphism classes of objects of Or(G). If X is a G-space 
of the G-homotopy type of a finite G-CW complex, then we can define its equivariant Euler 
characteristic xd^) £ U{G). If Ea is the finite collection of G-cells of X, then 

XGiX) :=5:(-l)<^^-(^")[G/t(i^„)] , 

a 

where t{E) = H is the type of the cell E = G/H x Ddim(£;<.) ^ggg Lemma 5.6). Any 
compact G-manifold has the G-homotopy type of a finite G-CW complex ([Q], 4.36), and thus 
Xg(M) G U{G) is well defined. 

In the present note we define a homomorphism Tq '■ U{G) I{G) (Lemma |6.3| ), such that 
our main result can be formulated as follows. 



Theorem 1.1 Let G be a compact connected Lie group. If M is a closed oriented G-manifold, 
then 

T{M) = Tg xg{M) . 



This theorem answers essentially the question posed by Lott Note 4. As we will see below 
it can be employed to compute T{M) effectively. 

Let // C G be a closed subgroup. Then by Q, 7.25 and 7.27, there is a restriction map 
res^ : U{G) — > U{H) such that res^XG(-^^) = /^^(I'es^ M) for any compact G-manifold, where 
res^(M) denotes M with the induced action of H. 
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The inclusion h ^ g induces a map res^ : I{G) I{H). It is an immediate consequence of 



the Definition |2l| of T{M), that 

resgr(M) := r(resg M) . (1) 

This is compatible with 

resg oTg = Tho resg . (2) 

Let S{G) C Or(G) be the full subcategory with objects G/H, where H is isomorphic to 
S^. By Corollary |5.2| the collection res^r(M), G/H € S{G), determines T{M). In order to 
compute T{M) it is thus sufficient to define T51 : [/(S*^) I{S^)- li H (Z G is isomorphic to 
S*^, then Th is defined, and we have 

res|r(M) = T{res'§M) = ThXh^^s%{M) = Tu^es^XGiM) . 

In order to give an explicit formula for T{M) in terms of the G-homotopy type of M it remains 
to give the formula for Tgi. 



Since Tgi has to satisfy Theorem we are forced to put 



Tsii[S'/S']) = r(*) = (3) 
Tsii[S^/H]) = TiS^/H), H^SK 

For n G N let F„ : ^ be the n-fold covering. The derivative Fn* of Fn at 1 G 5 is 
multiplication by n. By Fn '■ I{S^) ~^ denote the induced map. If H C is different 

from S^, then it is a cyclic subgroup of finite order \H\. It is again an easy consequence of the 



Definition |2l| of T{M), that 

T{S'/H) = F\H\T{S') . (4) 

Let S""*^ := {2 E C I 1^1 = 1}. We identify S"*^ = R such that the exponential map is given by 
exp(y) := e'^. Then I{S^) = C[y], and we identify i{S^) ^ yC{y). By §, Prop. 11, we then 
have 



k=l 



■iTT 



where 



It follows that 



LUz) ■.= y — 

m=l 



T{S'/H) = 2±(f\u,,^,{l)^y\''\^'' 



k=l 



We now discuss some consequences. 



Lemma 1.2 If M is a closed oriented S"^ -manifold, then T{M) and x(^) together determine 
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Proof, xi^) is the coefficient at [S^ /S^] of xs^ i^)- Let {Hi, . . . , Hi} be the finite set of orbit 
types of M with Hi / S^. Since Lij(l) / for all j G N, j > 2, the torsion T(M) determines the 
numbers n X]i=i J ^ 2N. But vice versa the numbers r/ determine and therefore 



Lemma 1.3 Let T be a k- dimensional torus and H C T be a closed subgroup. If dim(T / H) > 2, 
then T{T/H) = 0, and ifdim{T/H) = 1, then T{T/H) = P{T{S^)), where P : i{S^) I{T) is 
induced by the projection P : T ^ T / H = . 

Proof Let R G S{T). Then XRi^es'^T/H) = x{{T/H)/R)[R/R n H]. If dim{T/H) > 2, then 
{T/H)/R is a torus and x{{T/H)/R) = 0. If dim(r/F) = 1, then x{{T/H)/R) ^ iff {T/H)/R 
is a point. Thus XRi^^sJi^ / H) = [R/R n H]. The Lemma now follows from (|2|) and @. □ 



Let G/K be a compact symmetric space associated to the Cartan involution 9 of G. We fix 
a ^-stable maximal torus T G G. Then T D K =: is a maximal compact torus of K. The 
rank of G/K is by definition rank(G/K) := dim(r) - dim(5). Let Wg{T), and Wk{T) be the 
Weyl groups of {G,T) and {K,T). If rank(G/-fr) = 1, then for w G WciT) we have a projection 
P^ : T ^ T/S"" ^ 5\ where S"" = wSw'^. It induces a map : i{S^) i{T). Since 
res^ : /(G) I{T) is injective, the following Lemma gives an explicit computation of T{G/K). 

Lemma 1.4 //rank(G/i^) > 2, then T{G/K) = 0, and ifrank{G/K) = 1, then res^T(M) = 

ins'))- 

Proof. Fix S' = R C T. li H C T is a closed subgroup, then xr(.^^s'rT/H) = except if 
dhn{T/H) = 1. In we have shown that 



Hence if rank{G / K) > 2, then by Lemma |1.3| res^r(M) = 0, and if rank(G/ii:) = 1, then 



Hi, i = 1, . . .1. 



□ 



XT(res^ G/K) 



[T/S'*"] + higher dimensional staff . 

WG{T)/WKiT) 



Tes^T{G/K) 



TiT/S""] . 



Wg(T)/Wk{T) 



Applying L3 we obtain the desired result. 



□ 



We now briefly describe the contents of the remainder of the paper. In Section Q we prove 
our main analytic result Theorem |2.2| saying that T{M) is essentially additive. In Section ^ 
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we study the behaviour of T{M) under coverings and with respect to cartesian products. In 
Section ^ we extend the analytic results to manifolds with corner singularities using certain 
formal considerations. In Section ^ we show that T{M) is determined by its restrictions to all 
subgroups H = S^. In Section ^ we first prove Theorem LI for G = S^, and then we construct 
Tg and finish the proof of Theorem 1.1 for general G. 



2 Additivity of equivariant torsion 

We first recall the definition of higher equivariant torsion Def. 2. Let G be a connected 
Lie group with Lie algebra g. Let M be a closed oriented G-manifold. We write J7(M) := 
C°°{M,A*T*M) and d : 17(M) n{M) for the differential of the de Rham complex. 

For X £ g let X* G G°°{M, TM) denote the corresponding fundamental vector field. We set 

/ := ^ X° ixs G S{g*) End(17(M)) , 

a 

where X^ G g, X" G g* run over a base of g or dual base of g*, respectively, and iy denotes 
interior multiplication by the vector field Y. We choose a G-invariant Riemannian metric g^ . 
It induces a pre Hilbert space structure on Q{M), and we let ey be the adjoint of iy- We set 



For t > we define 



Then we put 



dt := Vtd ^-pl, 6t := Vid* + -^E . 



Dt := 6t-dt£ S{g*) End(17(M)) . (5) 
Let S{g*y := {/ G S{g*) \ /(O) = 0}, and let S{g*) be the 5(5*)i-adic completion. Since 

= -tA (mod S^g*) End(17(M))) 

we can form 

e^? G S{g*)(g)End{n{M)) . 

Moreover we have 

Ti'sNe^'t G i{G) , 

where N is the Z-grading operator on 0,(M), and Tr^ is the Z2-graded trace on End(r2(M)). 
Define x'{M) := E^oP(-l)^dim H*{M,'R). Then the function 



Tis) 



roo 

/ (Tr.iVe^* - x'{M))f~^dt 
Jo 



is holomorphic for Re(s) >> 0, and it has a meromorphic continuation to all of C which is 
regular at s = 0. 
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Definition 2.1 The equivariant higher torsion T[M) G I{G) of the G-manifold M is repre- 
sented by 

-T. W-J (Tr.iVe^'-x'(M))t-icii. 
ds |s=oi (s) Jo 

If M is odd-dimensional, then by fs), Cor. 1, T(M) is independent of the choice of the 
G-invariant Riemannian metric g^^ . If M is even-dimensional, the by |||], Prop 9, we have 
T(M) = 0. 

Let M be a closed oriented G-manifold, and let be a G-invariant oriented hypersurface 
such that M\N has two components, i.e. there are compact manifolds Mi, M2 with boundary 
dMi = N, i = 1,2 such that M = Afi Un M2. We form the closed oriented G-manifolds 
Mi := MiUN Mi, the doubles of M^. 

Theorem 2.2 

2T{M) = T{Mi) + T{M2) . 

Proof. We choose Riemannian metrics on M and Mj, i = 1,2. Then let Dt and Dt^i, i = 1,2 
denote the operators (^) for M and Mi, respectively. We define 5{t) G I{G) by 

6{t) := 2TvsNe^^ - Tv^Ne^l^ - TvsNe^h - (2x'(M) - x'(^i) - x'(^2)) • 
We have to show that 

d 1 

0=[-- -— / 6{tr''dt], 
ds |s=ol (s) Jo 

where [.] denotes the class of"." in /(G). 

We now specialize the choice of Riemannian metrics. We choose a G-invariant collar neigh- 
bourhood (—1, 1) X N M such that {0} x is mapped to A^. Then we assume that g^ is a 
product metric dr"^ + g^ on the collar. The metric g^^ induces natural Riemannian metrics g^"- 
on Mi. 

For i? > 1 let g^{R) be the Riemannian metric which coincides with g^ outside the collar, 
and which is such that the collar is isometric to {—R, R) x N. Similarly we obtain metrics 
g^'{R) on Mi. 

Let 6{t, R) be defined with respect to these choices of metrics. While 6{t, R) may depend on 
R, it is known that 

d 1 

[-;r, w-J Ht,Rr-'dt]ei{G) 

ds\s=oT{s) Jo 

is independent of R. The proof of the theorem is obtained by studying the behaviour of 6{t, R) 
as R tends to infinity. 

Note that /(G) is a locally convex topological vector space. 
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Proposition 2.3 For any seminorm \.\ on I{G) there are constants C < oo,c > such that for 
allt> 0, R> I 

\5{t,R)\ < Ce"^ . 

Proof. This follows from a standard argument using the finite propagation speed method 
We leave the details to the interested reader. □ 



Let /(G) 1 C I{G) be the closed subspace of at most linear invariant polynomials on g and 
put /(G) := i(G)//(G)i. By [[.]] we denote classes in this topological quotient space. 



Proposition 2.4 For any seminorm \.\ on I{G) there is a constant G < oo such that for all 
R>l,t>l 

\mt,R)]]\<Ct-'R. 



Proof. This is a consequence of the more general estimate 

|[[Tr,iVe^*(^)']]| < Gt-i-R (6) 

which also holds for M replaced by Mj. Here Dt{R) denotes the operator (P) associated to 
g^{R). 

We can assume that |.| is the restriction to /(G) of a seminorm of S{g*)/ Si{g*), where Si{g*) 
denotes the subspace C (B g*. There is an m > depending on |.| such that |[[?7]]| = for all 
U € S{g*)"^. Let A(/?) denote the Laplace operator on differential forms associated to the 
Riemannian metric g^\R). We have 

d1{r) = -tA{R) 

(to be precise we should write M{R),Mi{R)) where 

Af := ^[d*{R)-d,E + I] 
Ml := Q 

Q ■■= ^[i^E], 

(the commutators are understood in the graded sense) belong to ^(g*)^ i8> End(r2(A/)). 
As in Q, 9.46, we write 

oo „ 

TV,7Ve^*(«)' = / Uk{a,R)da, (7) 

Uk{a,R) := Tr,iVe-3*"«^(^)'(AA + ^M) . . . {AT + iAAi)e-3*"*^(^)' , 



2 ADDITIVITY OF EQUIVARIANT TORSION 



7 



where C R*^^"*^ denotes the standard simplex such that B a = {uq, . . . ,(7^) satisfies 

The Riemannian metric g*^(i?) induces a pre Hilbert space structure on Q(M). The trace 
(operator) norm ||.||i (||.||) on End(r2(-/Vf)) and |.| together induce norms on S{g)/Si{g) <^ 
End(0(M)) which we also denote by ||.||i (|MI))- 

Lemma 2.5 There is a constant C < oo such that for all t > 1 and R > 1 we have 

||e-*^(^)||i<Cii. 



Proof. The operator e-*'^^^) is positive. Thus lle-'^^-^^) ||i = Tre-^^^-^^). Let W{t,x,y){R) be 
the integral kernel of e"*^^^-*. The family {M,g^^{R)) of Riemannian manifolds has uniformly 
bounded geometry as R varies in [l,oo), i.e. there are uniform curvature bounds, and the 
injectivity radius is uniformly bounded from below. Standard heat kernel estimates (see e.g. 
[^) imply that there is a constant Ci < cxd such that for all x G M, t > 1, R > 1 we have 
\W{t,x,x){R)\ < Ci. In particular, for some C, C2 < oo independent of i? > 1, t > 1 we have 



Tre-*^(«) = J^^tvW{t,x,x){R)YolgM^R){x) 

< C2VolgM(j^)(M) 

< CR . 

This finishes the proof of the lemma. □ 



Lemma 2.6 There is a C < 00 such that for all R > 1 and t, s > we have 

||[[e-*^(^)AAe-^^(«)]]|| <C(t-i/2 + s~i/2) . 



Proof. Since M = [d*{R) — d, E + I] and \\E + /|| is uniformly bounded w.r.t. R it suffices to 
show that there exists Ci < cxd such that for all i? > 1 and t > we have 

||e-*^(«)(i|| < ||e-*^(^)d*(/?)|| < Cit''/^ . 

We consider the first estimate. Note that dd*{R) + d*{R)d = A{R), and the ranges of dd*{R) 
and d*{R)d = are perpendicular. Thus 



|e-*^(«)d|| = ||e-*^(«)dd*(i?)e-*^(^)f/2 
< ||e-*^(«)A(ii)e-*^(^)f/2 

= t-l/2||e-*A{fl)i^(^)g-iA{fl)||l/2 



< t supxe ^ 

a;>0 
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□ 



If A is of trace class and B is bounded, then we have |Tr AB\ < ||i?||||^||i. Note that ||A/i|| is 
uniformly bounded w.r.t. R. Applying this and Lemmas 2.6 and 2.5 to Uk we obtain C,Ci < oo 
such that for all ii > 1 and t > 1 we have 



\[ma,Rm < cRt-'^/'Y.^^'^' 

i 

[f Uk{a,R)da]]\ < Cr^l'^R . 
J A. 



i=0 



(8) 



Note that |[[C/fc]]| = for k > m. In order to obtain from (|^ and (^) it remains to discuss 
Ui. Since G S{gy there exists C,Ci < oo such that for all ii > 1 and t > I 



\[[Ui{a,R)]]\ = |[[TY,A^e-*"o^(^)^AAie-*"^^(^)] 
= |[[TV,iviAAie-*^(«)]]| 



< CiRt-^ 

\[[[ Uiia,R)da]]\ < CRr^ 
JAi 

This finishes the proof of the proposition. 



□ 



We now continue with the proof of the theorem. Let |.| any seminorm on I{G) as in the 
proof of Proposition 2A. By Propositions 2^ and 2A we can write 

d 1 



a{R) := -- 



ds \s=oT{s) Jo 



[[6{t,R)]]f-'dt 



and the integral converges at t = and t = oo uniformly in s G ( — 1/2, 1/2). We can perform 
the derivative and obtain 



a{R) 



[[6{t,R)]]r'dt 



R 



[[6{t,R)]]t-'dt+ / [[5{t,R)]]t-'dt . 



By Proposition 2.3 there are Ci < oo, ci > such that for all i? > 1 we have 



S{t,R)t-'dt]]\ < 



^3/2 



Ce- 



T'^dt 



< Cie-i«^'^ 



Moreover by Proposition 2.4 there is a C < oo such that for all i? > 1 

roc roo 

\[[ 6(t,R)t-^dt]]\ < / CRr'^dt 

= CR-'/^ . 
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We now let R tend to infinity and take into account that cr{R) is independent of R in order to 
conclude that 

a{R) = . (9) 
We have shown that [[T{M)]] = [[T{Mi)]] + [[T(M2)]]. 

We now consider the remaining component Ti(M) G /i(G)/Cl. Note that Af = —\L + 
[d, E] + [(i*, /], where L := X" Lx* and Ly denotes the Lie derivative with respect to the 
vector field Y. Since [d, -B], and [d* , I] shift the form degree by ±2 we obtain 



Let pan{M, g^'^) : G ^ C denote the equivariant analytic torsion defined by Q 

d 1 
ds|s=or(s) JO 

If we define 

5{t,g) := 2TvsNge'^ - Tr,Nge'^' - Tr.Nge'^' - {2x'{M) - x'(Mi) - ^'(Ma)) , 

then there are C < oo, c> such that for all gf G G 

\S{t,g)\<Ce-^ VtG(0,l] 
\6{t,g)\ KCe-"^ VtG[l,oo). 

The first estimate is again a consequence of the finite propagation speed method Similar 
estimates hold for the derivative of 5{t, g) w.r.t. g. We have 

roo 

ai{g) := - / 5{t,g)t-Ut = 2pan{M,g^'') - pan{Mi,g^'') - Pan{M2,g^'') ■ 
Jo 

On the one hand in |^] we have shown that on the dense subset of G consisting of elements of 
finite order 

2pan{M,g^^) - Pan{Ml,g^^') " Pan{M2,g^^') = COUSt . 

On the other hand ui is differentiable. We conclude 

= d\g=i(Ji 

roo 

= -J d\g=i5{t,.)r^dt 

roo 

= - {2TT,NLe-^'^ -Tr^NLe-*"^^ -Ti:sNLe-^'^^)dt 
Jo 

= -2(2ri(M) - ri(Mi) - ri(M2)) . 

This finishes the proof of the theorem. □ 
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3 Products and coverings 

Let G be a compact connected Lie group and F be a finite group. Let C(T) denote the algebra 
of C-valued functions on F. We need the generalization of higher equivariant analytic torsion 
T^{M) £ i{G) ® C(r) mentioned in g, Note 3. Let M be a closed oriented G xT- manifold 
equipped with a G x F-invariant Riemannian metric g^^ . Set 

CO 

p=0 

where ifP(7) is the induced action of 7 G T onHP{M,R). Then we define T'^(M) G /(G)®C(F) 
to be the element represented by the function 

as\s=o\- [s) Jo 

Let M be a closed oriented G x F-manifold and be a closed oriented F-manifold. Then 
we form the closed oriented G x F-manifold M x N, where F acts diagonally. We choose a 
G X F-invariant Riemannian metric gf*^, a F-invariant Riemannian metric (7^, and we let g^^^^ 
be the product metric. 

Define the F-equivariant Euler characteristic ^ {N) G C(F) of a closed F-manifold by 

00 

X^(A^)(7) :=E(-l)"Tr//^(7) • 
p=0 

Lemma 3.1 Ifx^iM) = 0, then 

T^{M X N)= T^{M)x^{N) . 

Proof. We write Dt{M), Dt{N), Dt{M x N for the operators @ on M,N,M x N. Let A(iV) 
be the Laplace operator on ^}{N). On the level of Hilbert space closures we have 

doL2n{M X N) = cloL2n{M) cIolM^) ■ 

With respect to this splitting we can write 

Dt{M X Nf = Dt{Mf X 1 - 1 tA(iV) . 

If 7 G F, then 

TV,Ar7e^*(^^>^^)' 
= TV,(iV 1 + 1 iV)(7 7)(e^*(*^)' ® e'^^^^)) 
= TV,iV7e^*(^^)'Tr,7e-*^(^)+Tr,7e^*(*^)'Tr,iV7e-*^(^) . 
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By the equivariant McKean-Singer formula Thm. 6.3, we have Tigje *^(^) = x^{N){'j). 
Moreover we have 

= 

hmTr,7e^'W = hm TV,7e-*^(*^) 

t— >oo t— >oo 

= X^(M)(7) 

= . 

It follows 

Tr,iV^e^t(MxiV)2 ^^r(^)(^)^^^^gD,(M)2 _ 
This implies the assertion of the Lemma. □ 



Let be a closed oriented G x F-manifold such that T acts freely on A^. Let M := r\A^. 
Then M is a closed oriented G-manifold. We equip N with a G x F-invariant Riemannian metric 
and define g^^ such that the projection -it : N ^ M becomes a local isometry. 

Let /p : C(r) ^ C be the integral over T with respect to the normalized Haar measure. We 
denote the induced map /(G) G(r) — > /(G) by the same symbol. 



Lemma 3.2 



r(M) = J T^{N) . 



Proof. Note that 11 := Y^yerl ^^ts on Q{N) as projection onto the subspace of F-invariant 
forms which can be identified with ^}{M) using the pull-back vr*. Moreover, Dt{M) coincides 
with the restriction of Dt[N) to the range of 11. We have 

^ ^ Tr,iV7e^*(^)' = TY,iVne^*(^)' 

= TV,7Ve^*(^^)' . 

This implies the assertion of the Lemma. □ 
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4 Manifolds with corner singularities 

In this section we extend the definition of T{M), T^{M), and the results of Section^to manifolds 
with corner singularities. 

A compact manifold with a corner singularitiy of codimension one is just a manifold with 
boundary. Corner singularities of codimension two arise if we admit that boundaries have itself 
boundaries. In general a corner singularity of codimension m of a n-dimensional manifold is 
modelled on x i?"""^, where R+ = [0, oo). 

Let M be a compact manifold with corner singularities. Then the boundary of M can be 
decomposed into pieces diM U . . . U diM. We do not require that the pieces diM are connected. 
If X G M belongs to a corner singularity of codimension m, then x meets exactly m pieces of 
dM. 

For i G {1, . . . /} we can form the double Mj := M Uq-m M oi M along the piece diM. Then 
Mi is again a compact manifold with corner singularities. In particular it has I — 1 boundary 
pieces djMi = djM Ue.Mnd^M djM, j ^i. 

The notion corner singularities and the construction of the double extends to compact ori- 
ented Gr-manifolds in the obvious way. We define T{M) for compact oriented G-manifolds 
inductively with respect to the number 1{M) of boundary pieces. 

If l(M) = 0, then T{M) is already defined. Assume now that 1{M) is defined for all M with 
1{M) < I. If M is now a compact oriented G-manifold with 1{M) = I. Then we set 

T{M) := ^r(Mi) . 

If Z > 1, then we have to check that this definition is independent of the numbering of bound- 
ary components. It suffices to show that T(Mi) = T(M2). Note that M12 and M21 are G- 
diffeomorphic. Using the induction hypothesis 

2r(Mi) = T{Mi2) = r(M2i) = 2r(M2) • 
Thus T{M) is well defined. 

The doubling trick was introduced by Q, Ch. IX. Instead of the formal definition above 
one could also employ absolute and relative boundary boundary conditions in order to define 
higher equivariant analytic torsion T{M,abs), T{M,rel) for G-manifolds with boundary. If the 
Riemannian metric is choosen to be product near the boundary, then T{M) = ^T{M, abs) + 
T{M, rel). 



The sum formula 2^ has now the nice reformulation 

T{M) = T{Mi) + T{M2) 

It has the following generalization: 



(10) 
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Corollary 4.1 Let Mi, i = 1,2, be compact oriented G-manifolds with corner singularities. 
If we are given a G-diffeomorphism diMi = diM2, then we form the manifold with corner 
singularities M := Mi Ug^A/- M2, and we have 

T{M) = T{Mi) + T{M2) . 

Proof. We employ induction by the number of boundary pieces. The assertion is true if M is 
closed. Assume that the corohary holds true for all M with 1{M) < I. Let M = Mi Ug^^Mi M2 
now be a manifold with 1{M) = I and / > 1. Then we can assume that l{Mi) > 2. Let diM 
be the piece corresponding to (?2-^i- We distinguish the cases (a): 92-^1 H dlMi = and (b): 
d2Mi n diMi 7^ 0. In case (a) let diM be the piece corresponding to 92-^1- Then using the 
induction hypothesis 

r(M) = ^r(Mi) = ^r(Mi2) + t{M2) = t(Mi) + t{M2) . 

In case (b) there is a boundary piece 52M2 meeting diM2. Then M has a boundary piece 
diM := d2Mi UQ^Mind2Mi d2M2. Again using the induction hypothesis we have 

r(M) = ^r(Mi) = ^T{Mi2) + ^T{M22) = T{Mi)+T{M2) . 
This proves the corollary. □ 



Let r be an additional finite group. For a G x F-manifold with corner singularities we require 
that that the pieces diM are compact G x L-manifolds with corner singularities as well. 

A Riemannian metric on a manifold with corner singularities is compatible if it is a product 
metric ^(^+)'" + at a corner of codimension m. Then we can form the doubles Mj 

metrically. 

Let M be a compact oriented G x F-manifold with corner singularities equipped with a 
compatible G x F- invariant Riemannian metric. Then we define T^{M) for G x F-manifolds 
with corner singularities using the same formal procedure as for trivial F. We can generalize 
Lemma to this case. Let be a compact oriented G x F-manifold with corner singularities 
such that F acts freely and form M := T\N . 

Corollary 4.2 

r(M) = j T^{N) . 

Proof. We argue by induction with respect to the number of boundary pieces. If 1{N) = 0, then 
this is just Lemma p.2| . Assume now that the corollary holds true for all N with 1{N) < I. Let 
now N he a compact oriented G x F-manifold with corner singularities such that F acts freely 
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and 1{N) = I > 1. Then consider the covering A'^i Mi. Applying the induction hypothesis we 
obtain 

T(M) = ^r(Mi) = ^ ^ T^{Ni) = ^ T^{N) . 
This proves the corollary. □ 



Let M be a closed oriented G x r-manifold and be a compact oriented T-manifold with 
corner singularities. Then we form the compact oriented G x F-manifold M x N with corner 
singularities, where T acts diagonally. We choose a G x F-invariant Riemannian metric g^^ , a 
F-invariant compatible Riemannian metric g'^ , and we let g^^^^ be the product metric which 
is again invariant and compatible. 

We define the F-equivariant Euler characteristic x^{^) ^ C'(F) of a F-manifold with 
corner singularities with 1{N) > 1 inductively with respect to the number of boundary pieces by 

X^{N) := lx^{Ni) . 

We leave it to the interested reader to express {^) iii terms of equivariant Euler characteristics 
of the components of the filtration of A^. The main feature of this definition is that the equivariant 
Euler characteristic is additive under glueing along boundary pieces. 



We have the following generalization of Lemma 3.1 



Corollary 4.3 Ifx^{M) = 0, then 

T^{M X N)= T^{M)x^{N) . 

Proof. We argue by induction over the number of boundary pieces 1{N). If 1{N) = 0, then 



this is just Lemma Assume that the corollary holds true if 1{N) < I. Let now A^ be such 
that 1{N) = I > I. Let di{M x N) := M x diN . Then using the induction hypothesis and the 
additivity of x^ we obtain 

T^{M xN) = ]^T^{{M^N\) = ^T^iM)x^{Ni) = T^iM)x^iN) . 

This proves the corollary. □ 



5 Restriction to subgroups 



Let G, H he a connected compact Lie groups with Lie algebras g,h. If f : H ^ G is a 
homomorphism, then f^:h^g induces a map / : I{G) I{H). If C G is a closed subgroup 
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and i denotes the inclusion, then we set i =: res^. If g £ G, then we put := gHg . Let 
Ug : H be given by ag{h) := ghg~^ . 

Let M is a closed oriented G-manifold with corner singularities. If / : — > G is a homomor- 
phism, then we denote by f*M the //-manifold M with action induced by /. If i/ C G is a closed 
subgroup, then we put res^M := i*M. The following Lemma is an immediate consequence of 
the definition of T(M). 



Lemma 5.1 (1) : If f : H ^ G is a homomorphism, then fT{M) = T{f*M). In particular, 
ifHcGis closed, then resgT(M) = r(resgM). 

(2) :If H C G is closed, then for all g £ G we have agTes'^T[M) = res^gT(M) for all g £ G. 



The association H C G ^ ='■ Ig{H) assembles to give a contravariant functor Iq '■ 

Or(G) ^ C — vect. If f : H ^ G is a homomorphism, then it induces a natural functor 
: Or(F) ^ Or(G) sending H/K to G/f{K). Foi K C H let fx-K^ f{K) be the restriction 
of / to K. The collection {fx}-, K £ H, provides a natural transformation f : Iq ° f* ^ Ih- 
Let /* : limor(G) limor(H) denote the induced map. 



Lemma 5T says that G/H ^ T(res^M) is a section of Iq- Since Or(G) has a final object 
G/G, we have an isomorphism 

lim Ig = i{G) (11) 

Or(G) ^ ^ ^ ^ ^ 

given by restriction to the final object. 



By S{G) we denote the full subcategory of Or(G) of those objects G/H with H = S^. We 
denote the space of sections of Ig\s{G) by ^(G), i.e. 



ViG) := lim Ig . 

S{G) 



There is a natural restriction map 



Rg ■■ HG) ^ lim / ^ V(G) . 

^ ' Or(G) ^ ' 



Lemma 5.2 Rg is injective. 



Proof. Let T C G be a maximal torus and denote by j its inclusion. There is a functor 
j*\S{T) '■ S{T) — > 5(G). Let J* : liuig^^G) ^G li™5(T) be induced by the natural tranformation 
j^\S(T) ■ lG\S{G)°j*\SiT) It\s{T)- Then Rroj* = J*oRg. In order to prove that Rg is injective 
it is therefore sufficient to show that j* and Rt are injective. 



Now j* is injective since it coincides with res^ : 1(G) — > I{T) under the identification (11), 
and the latter map well known to be injective. Let t be the Lie algebra of T. The kernel of 
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exp : t —> T defines a Z structure on t. The set of subspaces h C t corresponding to objects 
T/H ^ S{T) witfi H = is just tlie set of integral points of the projective space P{t C). 
Injectivity of Rt follows easily from the fact that the set of integral points of P{t ® C) is Zariski 
dense. □ 



Corollary 5.3 T(M) is uniquely determined by the values of T(res^M) for all H C G with 



6 The map Tg 



We need the following technical result. 



Lemma 6.1 Let M be a closed manifold. Then there exists a Riemannian metric g and a 
decomposition M = DiBi of M into manifolds with corner singularities such that the Bi are 
contractible and the restriction of g^ to Bi is compatible for all i. 



Proof. We choose a smooth triangulation of M. Then there is another smooth triangula- 
tion T which is dual to the first one. We choose small closed tubular neighbourhoods Ua of 
the simplices a of T. We now proceed inductively. Assume that in the steps 0, — 1 we 
have already defined Bi, i = 1, . . . r. In the Vth step we let B^+i, ... be the intersections of 
U(j n (M \ int(U[^^i3j)), where a runs over all simplices of T of dimension j. By choosing the 
tubular neighbourhoods appropriately, this construction gives manifolds Bi with corner singu- 
larities. Now one can construct an appropriate Riemannian metric. □ 



Recall that if M is a manifold with corner singularities and M has at least one boundary 
piece, then we define inductively x{^) ■= ^xi^i)- particular, if M = UjBj is a decomposition 



as in Lemma 3.1, then 



x{M) = J2x{Bi 



(12) 



Recah the definition (|) of Tgi : U{S^) 1(5^). 



Proposition 6.2 (1) : Let M be a closed oriented -manifold. Then T{M) = TgiXs'^i^)- 
(2) : If in addition M is even-dimensional, then X5'i(M) = a[5'^/5'"'^] for some a G Z. 
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Proof. A compact S^-manifold has a finite number of orbit types Hi, . . . , Hi. We employ 
induction by the number of orbit types 1{M). We first assume that 1{M) = 1. li Hi = , then 
T{M) = and Xs^{M) = x{M)[S^ / S^]. Thus TgiXs^iM) = x{M)Tsi[S^ / S^] = 0, too. 

We now consider the case that Hi ^ S^. Then by Q, II. 5. 2., we have a smooth locally trivial 
fibre bundle M M/S^ with fibre ^V-^i- Let M/S^ = UiBi be a decomposition of M/S^ 
into manifolds with corner singularities given by Lemma |6l|. Then M\b, = S^/Hi x Bi. Using 
Corollaries |43 and gj, (|), (^), and Xs^{M) = x{M / S^)[S^ / Hi] we obtain 



r(M) = 

i 
i 

= T{S'/Hi)Y,x{Bi) 

i 

= Tsi[S'/Hi]xiM/S') 
= TsiXs^iM) . 

This proves assertion (1) for 1{M) = 1. If M is even-dimensional closed, then M/S^ is odd- 
dimensional, and xi^/S^) = by Poincare duality. Assertion (2) follows. 

Now assume that the proposition holds true for all M with 1{M) < I. Let M be a closed 
oriented S'^-manifold with 1{M) = I. Without loss of generality we can assume that H := Hi ^ 
S^. By VI 2.5., the fixed point set Mh of is a smooth submanifold of M with normal 
bundle NMjj, which we identify with an equivariant tubular neighbourhood of Mh using the 
exponential map provided by a 5'^-invariant Riemannian metric g^^ . 



Assume that M is odd-dimensional. By Corollary 4.1 we have T{M) = T(M \ NMu) + 
T{NMh). Let N be the double of M\NMh. Then 1{N) <l-l, and we can apply the induction 
hypothesis in order to obtain T{M \ NMh) = \T{N) = \TsiXs^T{N). Note that 

Xs^{N) = 2X51 (M \ NMh) - Xs^idNMn) . 

Note that dNMn is even-dimensional, closed and orientable. Since l{dNMH) < I we have by our 
induction hypothesis Xs^i^NMn) = a[S^ / S^] for some a £ Z. This implies TgiXs^idNMn) = 
and 

T{M \ NMh) = Ts^Xs^iM \ NMh) ■ (13) 

We now compute T{NMh). Since 1{Mh) = 1 we have a smooth locally trivial fibre bundle 
Mh Mh/S^ with fibre S^/H. Let Mh/S^ = UiBi be a decomposition of Mh/S^ into 



manifolds with corner singularities given by Lemma HJ. Then MH,i := {Mh)\b, =S^/H xB-,. 
Since H acts orientation preserving, the bundle NMh admits an ff-invariant complex structure. 
The restriction {NMh)\Mh i "^^^ t)e written as, xVi/H, where Vi — > i?j is a complex vector 
bundle on which H acts fibrewise linear. 

Since a complex linear action of a cyclic group H can always be extended to the connected 
group , we obtain x^ {^i){l) = x(K) for all 7 G i/. Moreover we have ^''^('5'^) = 0. Thus we 
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can apply Corollaries 4^ and O in order to obtain 

TiS' X VJH) = J^T^iS')x"m = Jj''{S')xiV,) = T{S^/H)xm . 

Since NMh and Mh are 5^-homotopy equivalent, we have xs'^i^^n) = Xs^{^^h)- Moreover, 
Y.iX{Vi) = EiXiBi) = x{Mh/S') and Xs^{Mh) = x{Mh / S^)[S^ / H]. Thus we obtain by 



Corollary 4.1 



T{NMh) = Y.^{S^^Vi/H) 

i 

= Y.ns'/H)x{Vi) 

i 

= Tsi[S'/H]x{Mh/S') 

= TsiXs^{NMh). (14) 

We have 

Xs^ (M) = xs^ {M \ NMh) + Xs- {NMh) - Xs- (dNMn) • 

Since TgiXs^idNMn) = 0, combining (|l3|) and (|l^) we obtain the desired formula T{M) = 
TgiXs^i-^) for ^ odd-dimensional. 

Assume now that M is even-dimensional and that 1{M) = I. Then T(M) = 0, and (1) 
follows from (2). We now show (2). We have 

Xs^{M) = xs^{M \ NMh) + Xs^{Mh) ■ 

We can apply the induction hypothesis to Mh and the double of M \ NMh- It follows that 
X5i(M \ NMh) = ^Xs^idNMn) + a[S'^/S'^]. The restriction dNMH\MHr is isomorphic to 
5^ X dSVi/H, where SVi denotes the sphere bundle of Vi. 

Let U be the unit sphere in a fibre of NMh- Using that Mh/S^ is closed, orientable, and 
odd-dimensional, we obtain 

Xs^idNMn) = Y^Xs^iS' xU/H)x{B,) 

i 

= xs^{S'xU/H)x{Mh/S') 
= . 

This finishes the proof of (2). □ 



We now construct Tq. The collection Th, H € S{G), forms a natural transformation from 
the functor H U{H) to i— > I{H). Thus we obtain a homomorphism 

T : lim [/ ^ ViG) . 

S{G) 
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Let res : U{G) lim^^g) be given by the cohection res^, H G S{G). If M is a compact G- 
manifold, then we let x{M) S hm^j-g) U be given by the section S{G) 3 H ^ xh{M) G U{H). 
Then resxG(M) = xiM). 

Lemma 6.3 There is a unique homomorphism Tq '■ U{G) liG) such that Rq oTq = Tores. 



Proof. For G/K £ Or(G) we shall have 

RgoTg[G/K] = for~esxG{G/K) 
= foxiG/K) 

= {S{G)3H^THOXHOies%{G/K)} 
= {S[G) 3 T(resg G/K)} 
= {S{G) B ies%T{G/K)} 
= RgT{G/K) . 

Hence by injectivity of Rg (Lemma |5.2|) we are forced to define Tg[G/K] := T{G/K). □ 



We now finish the proof of Theorem 1.1. Let M be a closed oriented G-manifold. Then we 
have 

RgoTgXg{M) = foT~esxG{M) 

= fox{M) 

= {S{G)3H^THOXHOTes%{M)} 

= {S{G) 3 T(resg M)} 

= {S{G) B res|r(M)} 

= RGTiM) . 



We conclude that TgXg{M) = T{M) by Lemma |5^. □ 
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